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In the problem of conflict control with a each of information, formalized as a differential game [1-11] in a system with delays,
a Hamilton—Jacobi type equation is written for the value functional using the concept of co-invariant derivatives [12]. Like that
set out earlier [10], the corresponding generalized minimax solution of this equation is considered. Control strategies extremal
to the given solution are constructed. It is proved that these strategies form a saddle point of the game, while the value functional
is identical with the minimax solution of the equation. © 2000 Elsevier Science Ltd. All rights reserved.

1. A DIFFERENTIAL GAME WITH HEREDITARY INFORMATION

Consider a system with delay

dx(t}/ dt = f(t,x[t,[ W], uv), t,styst<T
(1.1

xeR", ueUcR’', veVcR"

where x is a phase vector, u and v are control actions of the first and second players respectively, £x, £
and T are specified instants of time (ty < 7), U and V are known compacts, and x[t+[-Jt] = {x[1], t» <
7 <t} is the history of motion that has occurred up to the instant of time ¢.

Let C([t+, T], R") be the space of continuous functions x(-) = {x[t] € R", tx <t =<T}.

We will denote by G the set of pairs g = (¢, x[t«[-Jt]), for which f, < ¢ < T, and x[t+[-]Jt] is a part (from
t« to t) of a certain function from C([ts, T], R"). On G we shall define the metric

(8. 82) = max{p*(g),8,), P (g2.81)} (1.2)
where
g =, VI DeG, gy = (1. 2Pl DeC
' (giir82-)= max  min max{|E—nllx"EI- P, =0,
te<EStiy TSNSy
Here and below, ||-|| is the vector Euclidean norm.

Below, the properties of continuity with respect to (¢, x[¢+[-J¢]) are understood with respect to changes
in the metric p(-, -) [Eq (1.2)].

For example, the function z(¢, x[t«[-}t]) : G — R”" will be continuous in G if, for any g* = (¢*, x*[tx[-]¢*])
e G and & > 0, 8 > 0 is found such that, for all g = (¢, x[t«[-}f]) [ € G, such that p(g, g*) < 3, the
following inequality is satisfied

2", x [ D=z X[ D<€

In (1.1) the function f(t, x[t«[-}f], u, v) € R" is defined on G X U X V and satisfies the following
requirements.

(1) The function f(¢, x[t«[-}f], u, v) is continuous with respect to the set of their arguments on
GXUXV.

(2¢) For any compact D C C([ts, T), R") a there is a number A > 0 such that, for all ¢ € [¢, T),
u e Uv e Vandx(-) € D,x"(-) e D, the following estimate (the Lipschitz condition with respect to
x[t« [-]¢]) holds
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W fGx Ll uw )= f( 2760w < A max {lx(t]-x"Tx]|
(3) A number x > 0 exists such that, at all (¢, x[t«[-J¢], u, v) € G X U XV, the following inequality
is satisfied
i f(e e[ 1e), uv ) 1< x(1 + max || x[T]]])
1. ST
(4y) For any (¢, x[t+[-}]) € G and s € R", the following equality exists (the saddle point condition in
a small game [1-3]).
min max<s1 f(t' x[t,[’]t],u,l/ )) = max min<sv f(t’ x[tt[‘]t]v uy ))
uel veV veV uel
Here and below, (-, -} is the scalar product of vectors.
Suppose the initial state
g=0C"[1'DeG L<T
of system (1.1) is specified. The Borel measurable realizations
LN ={utleU, P <1<T}, v D =pNeV,®<t<T)

are admissible.

With conditions (15)-(3), from state g° such realizations naturally glve rise to the motlon of system
(1. 1)—the function x() e C([tx, T], R™), which is identical with x°[t+[-}°] on [tx, {°] and, when
t e [t T), satisfies the equality

A= x(°)+ { frxinl1e), ult), vithde

where the integral is understood in the Lebesgue sense.
The quality index -y of this motion is specified by the continuous functional o : C([ty, 7], R") > R,
so that

Y= ox[#[-17)) (1.3)

The objective of the first player is to minimize v, and that of the second is to maximize it.

The control strategies of the first and second players will be termed arbltrary functions u(t, x{t«[-}])
U and v(t, x[t«[-Jt]) e V, respectively, where (¢, x[t«[-}f]) € G and ¢t e [t°, T]. The selected strategies
u(-) and subdivision

A=l =1, 0<ty —1;<d,i=1.. .kt =T} (1.4)

of the time segment [¢°, T] form a step-by-step control law for the first player (u(-), As) which, forming
the realization u[t°[-]T) according to the law

ult] = u(t, x[t,[1]), 1, <t<ty,, i=|.. .k (1.5)

in a pair with the adrmsmble realization u[t°[ -]7), generates, from the initial state (t O[t+[-¥°]), the unique

motion x(. |, x%[t«[- 1), u(-), As, v[t°[-]T)).
We shall deﬁne the quantity

T, 26 [10L () =limsup sup O(x({6olIT 1% x°[LLY°), u(), Ag, vICLITY)  (L6)
80 a5 v (" 1aTy

which is termed the guaranteed result of the strategy u(-) of the first player. The optimum guaranteed
result of the first player will be

T =0 ) = nf T X L L) (1.7)

The values of the guaranteed result of the strategy v(-) of the second player and the optimum guaranteed
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result of the second player are determined in a similar way (the replacement in (1.6) and (1.7) of the
symbols u, v, sup and inf by v, u, inf and sup, respectively). From this it follows that, for any initial state
(@, [t [}°) e G, the following inequality holds

r'=re (1.8)

When equality occurs in (1.8), the differential game with hereditary information (1.1), (1.3) is said
to have the value

@ [’ =r0 =1

in theb class of pure strategies. Here, if inf and sup are achieved in (1.7) and in the analogous expression
forI'y, i.e.

Y =T, % x°1e.[1°), «®C), T2 =T, (% 210 %° v O

then the pair of strategies (u°(-), v%(-)) is said to form a saddle point of game (1.1), (1.3) and these
strategies are termed optimal.

Further the functional Hamilton-Jacobi type equation in co-invariant derivatives [12] corresponds
to the differential game with hereditary information (1.1), (1.3) considered. Along with difficulties related
to the analysis of normal Hamilton-Jacobi equations {10, 11, 13, 14], this equation is complicated by
features resulting from the delay effect. Like the approach described earlier [10], the corresponding
definition of the generalized minimax solution of this equation is given. Under conditions (19(4y), the
given minimax solution exists, it is unique and correct. A method is indicated for constructing the
optimum strategies, and it is proved that the functional I'’ : G - R of the value of game (1.1), (1.3) is
identical with the minimax solution of the associated equation.

2. THE FUNCTIONAL HAMILTON-JACOBI TYPE EQUATION IN
CO-INVARIANT DERIVATIVES

Consider the functional
o) =o(t, x[t,[ 1) :G— R

Letg* = (t*, x*[t«[-}t*]) € G (t* < T), Lip (g*) be a set of functions y(-) € C([tx, T}, R") identical
with x*[¢+[-]*] on [, £*], each of which, with a certain (its own) constant, satisfies the Lipschitz condition
in [¢*, T]. We shall say [12] that the functional ¢ is co-invariantly differentiable at the point g* with
respect to Lip(g*) (ci-differentiable in g*) if a number 9,¢(g*) and an n-vector Vp(g*) exist such that,
for any function y(-) e Lip(g*), the following equality is satisfied

Q" + &)1 +E) - (", X" [t L1 ]) = 3,0(2" )& +(Vo(g"), Mt" +E] - x"[* ) +
+o,,(&), E€[0, T—1"] 1)

where 0,(,,(£) depends on the choice of y(-) € Lip(g*) (oy)(£)/ — 0 when £ — +0).

The quantities 9,¢(g*) and Ve(g*) will be termed co-invariant derivatives with respect to ¢ and the
gradient, respectively, of the functional ¢ at the point g*. The functional ¢ will be termed ci-differentiable
on G ifit is ci-differentiable at each point g = (£, x[t«[-]] € G(z < T). If in this case the quantities d,¢(g)
and Ve(g) are continuous, we shall say that the functional ¢ is continuously ci-differentiable.

More detailed information on the properties, the computational methods and the applications of
the co-invariant derivatives of the functionals can be found, for example, in [12].

Remark. The definition of the co-invariant derivatives is given above [see (2.1)] for functionals @(t, x[t«[.}t]), defined,
generally speaking, only on continuous functions x[¢«[-}¢]), and it therefore differs from the corresponding definition
given earlier [12, pp. 28-50], where co-invariant derivatives are naturally introduced for functionals defined on
piecewise-continuous functions. Nevertheless, if some functional ¢(t, x{t«[-]¢]), defined on piecewise-continuous
functions, is ci-differentiable at the pointg* = (t*, x*[t«[-]t]) € G with respect to Lip(g*) in the sense of [12], then
its contraction ¢s on continuous functions will be ci-differentiable at g* in the sense of (2.1), and here the
corresponding co-invariant derivatives will be identical.

For system (1.1) we shall define the Hamiltonian H(¢, x[t«[-Jt], 5): G X R" - R according to the equality
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H (e x[t[ 1), 5) = max min(s, f(¢, x[LL)), @, v)) (2.2)

Let us consider the Hamilton-Jacobi type equation in co-invariant derivatives
0,0t x[t,[ 1)+ H(t. x[t.[ 1], Vo, x(t.[1¥D)=0, (¢, x[t.[¥)eC, t<T (2.3)
with the condition at the right-hand end

O(T. X[ [1T]) = o(xlte[1T)),  x()e C(t, T), R") (2.4)

Note that, with requirements (15)~(4;), Hamiltonian (2.2) will satisfy the following conditions.

(1y) For any s € R”, functional (¢, x[t«[-}Jt], > H(t, x[t+[-}t], 5) is continuous on G.

(2y) For any compactum D C C([¢*, T], R") a number A > 0 exists such that, for all ¢ e [t,, T,
s € R*, |Is|| = 1andx'(:) € D,x"(:) € D, the following estimate (the Lipschitz condition with respect
to x[t«[-]J¢]) holds

VH@ X[ 0)), $)— Hix"[6l)], s)1< A‘ﬂ‘ﬁ:’é’ I x’T) — x|l
(3y) For any (¢, x[ts[-}t]) € G ands’,s” € {s € R" ||s|| < 1}, the following inequality (the Lipschitz
condition with respect to s) holds
| H(t. x(t. 1), 87) = H(e, x{8.[U),s7) | < LG <[ UD N s~ s
where L(t, x[t«[-]¢]) is a functional that is continuous on G and satisfies the estimate

L, x[t [ 1) =< »(1 + ri?é W xiTl), (¢ x{t.[)t])eG, x=const>0

(4y) For any (¢, x[t«[-]t]) € G, the function s > H(t, x[t«[-]t], 5) is positively homogeneous, i.e.
H(t, X[t,[']t], aS) = C(H(t, X[t,.[']t], S), a=0

Under these conditions, a ci-differentiable functional satisfying relations (2.3) and (2.4) cannot exist.
As in the case of the normal Hamilton-Jacobi equations, in problem (2.3), (2.4) the need arises to
determine a suitable generalized equation.

We shall define the minimax solution of problem (2.3), (2.4).

Suppose P and Q are certain non-empty sets (to fix our ideas it can be assumed that P and Q are
subsets of certain finite-dimensional spaces), and the multivalued mappings

(t,x(t,[ ¥} @) > F (4, x[t.[)), ¢) < R"
(6 x{t.[X). Py F (6 x(t[h], p)c R
where (¢, x[t+[-}t], p, 9) € G X P X Q, satisfy the following requirements.

(1) For any (¢, x[t«[-)f]) € G,p € P and g € Q, the sets F*(t, x[t«[-}t], g) and F«(t, x[t«[-}t], p)
;geidx;c.)n-empty convex compactum in R". A number a > 0 also exists such that the following estimate
max{ll f Il f € F (¢, x[t,[-1t], @) v Fo (1, x[2,[)e), p)} < a(1 + max || x{t]{)

& x{t.[)),p.g) e GX PxQ
(2¢) For any p € P and q € Q, the multivalued mappings
(el - F @ xinhlg), xlnli) e Bl p)

are semicontinuous from above the inclusion.
(3x) For any (¢, x[t+[-]t]) € G and s € R", the following equalities hold

sup min {s,f)=H(@, x{t,[)),5)= inf max (s, )
geQ reF* (tatNt)q) peP feF, (txltul W), p)
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The set of pairs {Q, F*()} ({P, F«(-)}) satisfying requirements (15)—(3¢) will be denoted by K*(H)(K«(H)).
Remark. With conditions (1)-(4g), K*(H) # 6, K*(H) # 6. In particular, requirements (1,)—~(3) are satisfied

P=Q=R"
F(,xt.(¥1.9) = {f € Ft. XL LD (f.q) = H(t,x{n 1))
Ftxn Ll py =S € F(,x[a XD (f, p) < H(e, .11, p))
where F(t, x[to[J1]) = {f € R": ||f|| < VZL(t, x[t«[-]t])}, L(¢, x[t+[-}¢]) from condition (3).
Suppose
(Q.F'(O)) e K" (H), {P,F.()}eK,(H)
We shall consider differential inclusions with delay
dx[t)/dt € F*(t, x{t.[-)e], q) (2.5)
dx[f)/dt € F.(t, x[t.[-]), p) (2.6)
Let ’
g =" LK) eG, peP, qeQ

The solution of inclusion (2.5) [and accordingly (2.6)] with the initial condition g° will be understood,
with a fixed value of g(p), to be the function x(-) € C([ts, T}, R*), identical with x%(t«[-J¢°] for [t, %
on an absolutely continuous function for [t°, 7] and, for almost all ¢t e [t T, satisfyin%inclusion 2.5
[and accordingly (2.6)]. The set of all such solutions will be denoted by X*(¢°, x%[t«[-1°], ¢ | F*)(X. (L,
2°[ts[-]°) p| Fx)). By virtue of conditions (15) and (%), these sets will be non-empty compactum in C([t»,
T, R") for any (t°, x*>[t«[}°], p,q) € G X P X Q.

Definition. The minimax solution (MS) of problem (2.3), (2.4) will be the continuous functional
¢ : G b R, which satisfies boundary condition (2.4) and, for certain {Q, F*(-)} e K*(H), {P, F+(-)} €
Kx«(H), the pair of inequalities

sup  min[g(r,x"[L[1D) - 9t [t D]< O @7
"1t X O
where
. X1’ DeG teli®T) geQ x"()e X' x°[n[¥°], qI|F")
and
inf  max[o(t, x (L) - o, X (LU DI = 0 (2.8)
0 " ) 1,0
where

@, 1D eG, tell®,Tl, peP. x.()e X, x°[11°], pIF)

It can be shown that, under conditions (1;)—(4;) imposed on the Hamiltonian H, and with the continuous
boundary function s. An MS of problem (2.3), (2.4) exists, it is unique and possesses the following
properties. It satisfies inequalities (2.7) and (2.8) for any {Q, F*(-)} € K*(H), {P, Fx(")} € K«+(H). It
is correct, i.e. continuously depends on the variation in the boundary condition and the Hamiltonian.
The MS of problem (2.3) and (2.4) may not be ci-differentiable on G, but, on the one hand, at each
point (¢, x[t+[-t]), where this solution is ci-differentiable, it satisfies Eq. (2.3), while on the other hand
the continuous functional, continuously ci-differentiable on G and satisfying relations (2.3) and (2.4),
is an MS.

Remark. These assertions are substantiated chiefly by a plan set out earlier [10, pp. 13-40), taking into account
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features associated with the delay effect and with the functionality of the argument of the solution required. The
corresponding discussion beyond the scope of the present paper and is not give here.

3. EXTREMAL STRATEGIES
We define the multivalued mappings
F'(t,x[t [ ) =colf = f(t.x[t,[ ], uv Y u e U}

F (¢, x[t. [ Yt} u) = co{ f = f(t, x[t.[ W], uv) v €V} (3.1)
¢, xlt | 1, u,v)e G XUXV

where F is the convex shell of set F in R".
Taking of conditions (1;—4y) and equality (2.2) into account, it can be shown that for

P=U, Q=V, FF()=F(), F.(.)=F,L)
requirements (1x)—-(3x) are satisfied [here, (15) with a = x from (3p)], so that
(V. F'(-)} € K*(H), {U,F)} e K.J(H)
Note, further, that multivalued mappings
. x(t L1 - F@xnlide), @xietd e E exinllle

are equicontinuous (on the inclusion) on G with respect tov € Vandu € U.

Let @(t, x[t«[-]¢]) be the minimax solution of problem (2.2)(2.4).

Then, according to Section 2, the functional ¢, in particular, satisfies inequalities (2.7) and (2.8),
respectively, with @ = V, F*(-) = F*(-) and P = U, Fx(*) = F,(").

Remark. Under these conditions, inequalities (2.7) and (2.8) express, respectively, the due properties of u and v
stability [3-8] of the value functional of differential game (1.1), (1.3).

Let g° = (@, xo[t*[-]to]) e G( < T) be the initial state of system (1.1). We shall denote by
X0 = Xx(, x"[t«[-]°]) the set of solutions stemming from g° of the differential inclusion

dx{r)/ dt € (f € Rl I (1 + max |l {c}ID) 32)

where x is from condition (35). The set X° will be a non-empty compactum in C([tx, T], R"). We shall
assume that

W, () = (w(-) € X° : (e, wit, [ 1) < 9%, x° [ [2° D)}
W, (8) = (w() € X : ot wle, [ 1)) = 9%, x°[1,[1°D)) (33)
M=st=sT

By virtue of inequalities (2.7) (Q = V, F*(:) = F(-)), 28) P = U, F x(-) = Fy(-)), condition (1g)
(a = x) and inclusion (3.2), sets W,(¢) and W,(¢) are non-empty for any ¢ € [¢°, T]. Functional ¢ is
continuous on G, and therefore W,(f) and W,(t) are compact in C([x, T}, R").

The extremal strategy u,(-) of the first player will be determined on the basis of the arbitrary sample

: 0
t, t. -t " K
u,(t, x[t.[)]) e arg Ul'&'{fer,, (m;f”’m(s M (34

where

sO=x{r]-wllr), wl()earg min { max || x[t]-witll} (3.5)
w()eW, (1) 1. ST=!

The extremal strategy v,(-) of the second player will be determined on the basis of the arbitrary sample

vl eargmax(  min () f)) (3.6)

eV feF"(r.x{n{¥ly)
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where

O =wllr]-x{1), wl()earg min { max || x[t]-w[T]I} 3.7
w()eW, (1) r. g1t

Here, F*(-) and F,(-) are from (3.1), and W,(t) and W,(¢) are from (3.3). Requirement (1) is satisfied.
Therefore, the necessary values of u, and v, in (3.4) and (3.6) exist for any ¢ e [{°, T].

4, THE MINIMAX SOLUTION AND THE VALUE OF THE GAME

Theorem 1. For system (1.1), let requirements (15)-(4y) be satisfied, and, in (1.3), let the functional:
C([te, T], R") > R be continuous. Then, for any initial state

°, L1’ neG, P<r 4.1)

the differential game with hereditary information (1.1), (1.3) has the value o, xo[t*[-]to]) in the class
of pure strategies. The functional (£°, L[t [ 1] > T, x°[2+[-]¢%]) is identical with the minimax solution
¢ of problem (2.2)—(2.4). The extremal strategies u,(-) and v,(.) form the saddle point of the game.

Proof. To prove the theorem it is sufficient to show that, for any pair (&°, x°[t+[-)¢%)) satisfying condition
(4.1), the following inequalities hold

L 216 0L, () < 9%, x [0, [ 1°D)

42)
T, (% x°[e.0 31w, () = 0, X (e[ 1°)])

In fact, from these inequalities, if expression (1.7), the analogous expression for T% and also inequality (1.8) are
taken into account, we have the following chain of inequalities

YIS A0 10 D R (B TR 6 o NP O E
=10 =T, (%, x°[a[1°), v () = ot x [, [ 1))
which proves the theorem.

The proofs of inequalities (4.2) do not differ essentially.
The scheme of the proof of the first inequality of (4.2) is given below.

Let condition (4.1) be satisfied and let X° = X(t°, x"[t[-}{*]) [see (3.2)]. We put

vt x(n 1, wit )] =exp{-2A( - 1)} max |l x{t]-wl1] I (4.3)

where A > 0 from condition (2) with D = X°.

Lemma 1. For any pair (¢°, x[t«[-}t°]) satisfying condition (4.1) and any & > 0, 8° > 0 exists such that
the following assertion holds.

Suppose x*(-) € X°, w*(-) e X°,1* e [(%, T),t e (¢*, T] and t — t* < &°. Suppose s* = x*[t*] - w*[t*]
and u, = u (¢*, x*[t=[- Jt*]) from (3.4) with 53 = s*, and v, = v (t*, w*[t«[-}t*]) form (3.6) with ) = 5%,
Then, for any x}-g € X«(t*, x*[*[-1*, u | Fy) € X*(t*, w*[t«[-}t*], v.|F,)(F,(-) and F,(-) from (3.1)),
we have x(-) € X’ and w(-) e X°, and the following inequality holds

v(t, x(1,[], wit [ D < V@, x* [, wilLllE D +ee-1") (4.4)

This lemma is provision using the plan set out earlier ([3, pp. 59-61]; see also [10, pp. 97-99]) and
is omitted here.

We take m > 0. The functional o : C([t, T], R® > R is continuous, and X° = X(2°, x[t+[-]¢°]) is a
compactum in C([tx, T], R"). Therefore, an { > 0 exists such that, for allx(-) e X and w(-) e X° satisfying
the condition

max_|| x[T]-wlTll| <{
tes1=T
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the following inequality holds

| o(x[1y[ 1T —o(wlg[ITDI =N (4.5)
We shall assume that

€= exp{—2A(T — 1)} (T — t,) (4.6)

For this € > 0, we obtain 8% > 0, for which the assertions of Lemma 1 are satisfied. For 8 e (0, 80],
we shall adopt the subdivision As(1.4). Consider the control law for the first player (u.(-), Aﬁ)' Suppose
that some permissible realization of v[f°[-]T) has occurred, and that the motionx*(-) = x(- €% X%t [ 1),
u,(-), As, V[{°[-]T)) of system (1.1) has been realized. By virtue of requirement (3p) and (3.2),
x*() e X'. We put

distlx(r,(-11), W,())= min  max | x[t]-wl]ll

w()eW, (1) nstsr
witd 4.7
x()e X% el T] )
where W, (¢) is from (3.3).
Foranyi=1,...,k + 1, the following inequality is satisfied
dist{x"[t.[);), W, ()1 JE(t; —19) exp{A(t; = 1)) (4.8)

which can be proved by induction fromi =1toi =k + 1.

Fori=1we have #; = ° and x*[t[-]t°] = x[t+[]¢%], and therefore x*(-) e W,(t°), and inequality (4.8) (i= 1) is
sati;ﬁfgglition, we shall assume that inequality (4.8) holds when i =j (1 < j < k) and show that (4.8) is then satisfied
for\)lv: s]h:llle;ssume that w*(-) = wl(-) from (3.5) with t = t; s* = x*[t]] - w*[t], u. = u (8, x*[t+["]4]) from (3.4)
with 53 = s* and v, = v,(f, w*[t«[-]4]) from (3.6) with s9 = s*. Then w*(-) € W,(1;)) C X and, on the assumption
of induction, and taking relation (4.3) into account, we have

v(tj x" (W0 Wil ) < el - 1) 49

By (2.7) (Q = V, F*() = F'(-)), a function w(:) € X' *(tj, w*[ta[]t]), v | F¥) exists such that

ot j, wLLY D) 2 @ty Wit LN 1 D
Since w*(*) € W,(#), then by virtue of (3.3) we have
ot w00 D < o, 2110
From this we obtain the inequality
Ot jare Wit D < 000 O 0D) (4.10)
Let
ROL-D NOPRW AL FRINCAT S
By the definition of motion

O =xC10, 0110 4, (), Ag, vICETY

[see (1.4), (1.5) and (3.4), (3.5)] and (3.1), the function x*() for almost all 7 e [t 4+1] satisfies the
inclusion

dx*|t)/dte E (1, x"[t[-1t) u,)
Therefore

M€ Xt x (011 D, | E))
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Now, note that, for t* = t;,¢ = t,,; and the x*(-), w*(-), x(-) and w(-) selected above, all the requirements of Lemma
1 are satisfied.
From (4.4) (t* = t,, t = t;,,), taking account of relations (4.3) and (4.9) and the equality

e ]= X*[’*[’]’j*' ]

we derive

max X" [T]- Wl < \[&(tj4) — to) explA(j4) = 1p)) (4.11)

I S‘ESI].H

Since, by virtue of (3.3) and (4.10), w(-) € W,(¢;+1), then from (4.7) (¢ = ;,) it follows that the necessary inequality
(4.8) is correct with i =j + 1. By mathematical induction, inequality (4.8) is satisfied foranyi = 1,... , k + 1.

From (4.8) (with i = k + 1), if we take (4.6) into account and select the number { > 0 [see (4.5)], it
follows that a function wy(-) € W,(T) exists for which the inequality

Fo(x" 15[ )T)) = S(wolto[ITHI <M
is satisfied. By relations (2.4) and (3.3) we have
S(woltol 1T = (T, wolt, [ITD < (¢, x°[1,[1°)
Therefore, the following inequality holds
o(x (1ol ITH < 9%, x (LX) +1 (4.12)
Remember that
2= 2010, 013°) 1,0, Ag vUPLITY)

and here 3 e (0, 8%, As (1.4) and the permissible realization v[t"[-]T) were chosen arbitrarily.
Consequently, from (4.12), by equality (1.6) it follows that

0, <O 10w, ()< o x°[nl1° D+ n

Since the number m > 0 was also chosen arbitrarily, the first inequality of (4.2) to be proved follows
from this.
The second inequality of (4.2) is proved in a similar way with obvious changes.

Remark. In the practical construction of extremal strategies, depending on the specific properties of system (1.1)
and index (1.3), in (3.5) and (3.7) it is otherwise convenient to assess the closeness of x(-) and w(-). Here it is necessary
to check that, for an appropriately selected functional v of type (4.3), an assertion similar to Lemma 1 is satisfied.

Theorem 1 and the properties of the minimax solution of problem (2.3), (2.4) that were given in
Section 2 enable us to conclude that functional equations (2.2) and (2.3) can (by analogy with the theory
of ordinary differential games [1-4, 10, 11]) be treated as the main equations of differential games with
hereditary information.

5. EXAMPLE
Suppose

n=2, x=(x.x)€ R2, h=const>0, 1y3=0, t,=-h
We shall examine the differential game for a system with delay
dx[tV de =Bxqlt—h).  dxp[) dr =oxf)+b{tu+v, O0si<T 5.1)

where « and B are unknown numbers, and the function b(t) is continuous and satisfies the conditions |b(t)|=>1
witht € [0,#]and |b()|<1withr e [t',T] (0 <+’ < T), [u]< 1and [v] < 1, with the quality index
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Yo =max{ixa(n ]l 1x200 i+ 0(T] (52)

By lE—h] BwaalE-4l
ayy,[E] oy o8]

where t; € [0,¢') and ¢, € (t;, '] are specified instants of time.
Let the matrix function

wilEl wy,lE)
vy l&l wanlEl

YIE]=

be such that

dVIE]

WE]=0 when £<0, W[0]=E, 3

" when £=0

We put
yoult; = tlx [+ vl =t]xy [£]+

t+h

it t, L3 =1+ [ walt; - TBxa[1 - h)dr, if r<r; j=1,2
xzft'j], if =<t
t+h

ya(t (3D = Wy [T = by [+ 9T = 1 [0+ [ w7 - tlBxg[1-hlde
1

I=U. ho)e R, phy=max{lh|+1h | 151
x(t. A6 L1, D=4y (LD + by (6 LD+ By (0 26 LiD +

.
—| 1hwaalty =T+ Lyl - T+ By [T - U161 -Ddt+
!
T
H+[ lyplT-100=-1bmhldr, i 1<r’
4

r
[ 1y [T=1l(=| bR Dl dr. if ¢=:
!

Then, the functional

2, O 1= max 2(®, 0L D, (0 xOln %) eG (5.3)

will be the value of game (5.1), (5.2), which can be derived, for example, by construction from [7-9]. Functional
(5.3) is the minimax solution of the following equation in co-invariant derivatives
3,9+ V19Bx;[1 = h1+ V00 [tH [ V01 (1-16(N D=0
where
9,9=0,0(t. 6. ¥D. (V19,V29)=Vo(r, x{e[]])
provided that
(T, x[1.[1T]) = max{i xp{n 1 Jxz(r200+ 1% [TH

on the right-hand end. This can be verified, assuming, for example, that

P=0Q=[-1,1}

F*(t, (L)) @) = {f = Brplt — ), oxy[1}+b(u+ @) |ul< 1)

Fult. 2t LY, p) = {f = Baale = h), o [e]+b(p+v) v 1< 1}

By the construction from Sections 3 and 4, and taking account of relations (5.1)-(5.3), we establish that the
strategies
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ug (4, x[ta[ 1) = —signlb( Y a1y =11+ LW [ty = 11+ W12 [T - 1D)]

where
(. 15.{earg Jf}?é,““" xnl )], D—g, (6 xnEDr)}
€, (1, x{t.[1]) = max {0, T2 (¢, xito (3D - T ¢, <[ [0 D)
and
v, (6 X[ LD =signlf) Wl — 11+ Byl ~ 11+ B wio[T 1))
where

. 5.8)earg ur(r}gl{x(t, AL D+ g, (4, e LY D)}

& (1, x[t[1]) = max{0, T2/, x°[, [ 1O D -T2 (¢, 2lr. [ 1]}

will be optimal in game (5.1), (5.2).
Computer modelling of the control process with

a=B=1. Bt)=2-1/2, h=1, nH=Y%, =%, T=4
©=0, x°[-11J0]={(x2[1)= =2, xJ[t]=1+sin2RT), -1 <T=<0)

by uniform subdivision of the time interval [0, 4] with step & = 0.01 gave the following results.

The a priori estimated value of the game T’ 0 =130, x°[~1[-]0]) =~ 0.939. By the action of a pair of strategies
((-), VE()), the result y« = 0.935 = 'Y was obtained. By the action of «3(-) in a pair with V() = sin 4nt, y. =
0.638 < I'Y was obtained. By the action of V}(-) in a pair with u(-) = sin 4wz, v« = 9.758 > I'd was obtained.

This research was supported financially by the Russian Foundation for Basic Research (97-01-00160).
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